We calculate the normal mass density of a paired Fermi gas at unitarity. The dominant contribution near the superfluid transition is from fermionic quasiparticle excitations, and is thus sensitive to the pairing gap. A comparison with the recent experiment of Sidorenkov et al. [Nature 498, 78 (2013)] suggests that the superfluid gap near the transition temperature is larger than the BCS value, but the data do not permit a quantitative inference of the gap. Calculations of the quenched moment of inertia of a BCS superfluid in a harmonic trap are in reasonable agreement with the earlier experiment of Riedl et al. [New J. Physics 13, 035003 (2011)].
I. INTRODUCTION
The superfluid mass density, ρ s , of a superfluid Fermi gas at unitarity is a sensitive probe of the behavior of the quasiparticle structure of the system near the transition temperature [1] . Indeed, Sidorenkov et al. have recently provided such a measurement of ρ s in a paired Fermi gas of 6 Li atoms at unitarity [2] , which complements earlier measurements of the suppression of the moment of inertia in a rotating paired gas of 6 Li [3] . This latter suppression of the moment of inertia arises from the decrease of the normal mass density, ρ n = ρ − ρ s (where ρ is the total mass density), with decreasing temperature. Our goal in this paper is to provide a framework for understanding the normal mass density of Fermi gases at unitarity.
The Leggett model [4] of pairing at unitarity in terms of the BCS wave function indicates that the physics is much closer to BCS, with a positive chemical potential, than it is to BEC. Thus a reasonable starting point in understanding the normal mass density, which we adopt in this paper, is to model the superfluid mass density on the BCS-like structure of the Fermi superfluid.
The normal mass density of a superfluid is composed of contributions from the excitations present at finite temperature. In a Fermi superfluid the excitations include fermionic quasiparticles, as well as the bosonic collective modes -first and second sound. The dominant contribution to the normal mass density of a paired Fermi superfluid is that of the fermionic quasiparticle excitations. As we show, both first and second sound contribute negligibly to the normal mass density near the transition temperature. Second sound, although it has a significantly smaller velocity than first sound, becomes highly damped at finite wavevector owing to thermal conduction and viscosity, which limits its contribution to the normal mass density.
The normal mass density is given exactly in terms of the Fourier transformation of the transverse current-
For independent long-lived quasiparticles this expression yields ρ n = i ρ
n , where following Landau's argument [6] , each branch of excitation, i, makes a contribution to the normal mass density,
where ǫ i (k) is the energy of an excitation of momentum k in branch i, and f i (k) is the usual Bose or Fermi distribution function. (In this paper we take = 1 = k B throughout.) Since first and second sound are collective modes of the fermionic excitations, this expression somewhat overcounts the weight of the fermionic quasiparticle excitations, an effect which can be neglected to a first approximation. Numerical calculations of ρ n in terms of correlation functions for paired Fermi systems are given in Ref. [7] , while Ref. [8] calculates the normal mass density using Eq. (2) with particular approximate expressions for the first sound and quasiparticle spectra.
II. FERMIONIC QUASIPARTICLE CONTRIBUTIONS TO THE NORMAL MASS DENSITY
We consider now a homogeneous Fermi gas with equal populations of two components of the same mass. To a first approximation at unitarity, the fermionic quasiparticle excitation energies have the form:
where ǫ p is the quasiparticle energy in the absence of pairing, µ(T ) is the chemical potential, and ∆(T ) is the pairing gap at temperature T . For a unitary Fermi gas, the chemical potential has the form µ = ξT F , where ξ is a function only of T /T F , with T F the Fermi temperature, p 2 F /2m * (with the Fermi momentum given by p F = (3π 2 n) 1/3 , n the total fermion density, and m * the fermion effective mass). At T = 0, ξ(0) ≃ 0.376(4) [9, 10] . The ǫ p are given essentially by kinetic energies, ǫ 0 p = p 2 /2m * , plus self-energy shifts, U . Writing µ − U = ǫ min (T ), we have then
At zero temperature, ǫ min falls from the Fermi energy,
* ), in the weak coupling BCS limit to ∼ 0.8 -0.9 ǫ F at unitarity [11, 12] . In contrast the BCS wave function at unitarity yields ǫ min (T = 0) ∼ 0.6ǫ F . However, as we find below, the fermionic quasiparticle contribution to the normal mass density is relatively insensitive to the detailed value of ǫ min (T ). In addition, Monte Carlo calculations in Ref. [12] show that the effective mass is very little shifted from the bare mass, indicating that the Landau parameter
, which determines the strength of current-current interactions between quasiparticles, is close to zero. Below we take m * = m. The fermionic quasiparticles, with energy E p , contribute
to the normal mass density, where β = 1/T . Since this contribution is dominant, we drop the "qp" label in this section. We assume, in evaluating ρ n using Eq. (4), that the gap has the mean-field form near T c ,
and we regard ∆ c as a fittable parameter.
In the immediate neighborhood of T c , the superfluid density with a mean-field gap, Eq. (6), vanishes linearly as T approaches T c . In BCS [13] ,
and since,
the slope is exactly two. One should not expect this result to necessarily hold at unitarity, given that the measured zero temperature gap is ∼ 0.44 T F [14] , and ∼ 0.45 T F in Monte Carlo at unitarity [15] , corresponding to [16] ∼ 2.6T c , compared with 1.76 T c in BCS. See also Refs. [12, 17] . Were the gap uniformly increased from BCS by a temperature independent constant, one would expect the approach of ρ n /ρ to zero as T → T c to have a greater slope than in BCS; however, as one sees in Fig. 1 the slope is quite close to two. Using Eq. (4) for E p , we have
for ∆ = 0, the ratio explicitly equals unity . . The dashed curve labeled BCS uses the BCS gap structure near Tc, Eqs. (6, 8) , while the solid curve uses a gap a factor of 1.5 larger. The thin dotted curve is the BCS curve uniformly stretched in temperature to pass optimally through the data. Figure 1 shows the results of numerical integration of this expression for ρ s /ρ = 1 − ρ n /ρ, with parameters T c /T F = 0.167 [10] , and ∆ c /T c = 3.06 as in BCS, Eq. (8), as well as ∆ c /T c = 4.6. a factor 2.6/1.74 larger than the BCS result. We take ǫ min (T ) = ǫ F here. The data points are from Ref. [2] . As we see, the BCS result begins to fall from unity at T /T c ≃ 0.4; the start of the experimental falloff at T /T c > ∼ 0.6 is consistent with a larger ∆ c /T c than in BCS, but can also be attributed to the uncertainty in the absolute temperature scale. Note that the slope at temperatures near T c is closer to that of the BCS prediction. We also show in Fig. 1 as a thin dotted line, the BCS result stretched by a scale change of T , which would be equivalent to scaling the temperatures corresponding to the data points downward by about 10%, an amount consistent with the horizontal error bars shown in the data. This latter agreement can be interpreted as the data showing a slope two, as in BCS.
A. Suppression of the moment of inertia
We next apply the present analysis to the measurement in Ref. [3] in a harmonic trap of the suppression of the moment of inertia in the presence of superfluidity. (For background theoretical discussion of slowly rotating trapped paired fermion systems, see Ref. [18] 
where µ(T ) ≡ µ(r = 0, T ) is the chemical potential of the system. We assume, for effects near T c , that µ(r) = ξ c T F (r), where ξ c ≡ ξ(T c /T F ). With Eq. (10), the total particle number is given by
where n(r) = p F (r) 3 /3π 2 , the transverse radius
Similarly the normal state or classical moment of inertia about the z axis is
With increasing temperature the superfluid region in the trap shrinks, and the moment of inertia of the superfluid component is given by
Rather than using the full expression for the local ρ s (r), we assume that ρ s (r)/ρ(r) near T c falls to zero as 1 − T 2 /T c (r) 2 (cf. Fig. 1 ), where T c (r) = 0.167 T F (r) is the local superfluid transition temperature. Then
where x c = (1 − T /T c (0)) 1/2 and T c (0) is the transition temperature in the center of the trap. The normal moment of inertia ratio is then
. (15) The relative suppression of the moment of inertia is independent of the value of ξ c .
The experiment of Riedl et al. [3] measures the total angular momentum, L = I n Ω, of paired 6 Li at unitarity, driven at angular velocity Ω trap and rotating at angular frequency Ω. The method is to measure the precession frequency of a radial quadrupole excitation, Ω prec = L/2I cl and from this frequency to infer the precession parameter,
The data for P is shown in the inset in Fig. 2 as a function of the ratio of an inferred temperature T to T F,trap , here the Fermi temperature of a free gas in the center of the trap; T F,trap is smaller than the Fermi temperature at the center of the trap by a factor ∼ 0.8. The transition temperature is T c ∼ 0.21T F,trap . Figure 2 compares the calculated I n (T )/I cl with the data of Ref. [3] . There are two uncertainties in this comparison; the first is the ratio Ω/Ω trap , which equals unity in a steady state and is a few percent less in practice, and the second is the measured temperature T , which lies somewhat below the true temperature T . In Fig. 2 we have taken T c = 0.21T F,trap , and have scaled the data for P vertically upwards by a few percent, consistent with the magnitude of 1 − Ω/Ω trap . Given these uncertainties the agreement of theory with the scaled data is satisfactory. The data also shows the slow approach in a trap,
7/2 , of the normal moment of inertia to I cl , Eq. (14) . The overall agreement points to the desirability of further measurements of the moment of inertia with a carefully calibrated temperature scale. The data along the theoretical curve has been scaled upward by a few percent from the original data for the precession parameter P of Ref. [3] ; see text for details. The inset shows the original data.
III. CONTRIBUTIONS OF COLLECTIVE MODES
We now estimate the contributions of first and second sound in a homogeneous system to the normal mass density. Collective modes in a trap are discussed experimentally and theoretically in Refs. [19, 20] .
A. First sound
The standard Landau result for the contribution of first sound of velocity s to the normal mass density is
The first sound velocity is given generally by ms 2 = ∂ 2 F/∂n 2 , where F is the free energy density, and m is the bare atomic mass. At zero temperature we may write F = ξ(0)nǫ F . Thus
with v F = p F /m being the Fermi velocity, a result consistent with the measurement reported in Ref. [2] . The relative first sound contribution to the normal mass density then has the form
Here we use T c ≃ 0.167 T F [10] . The first sound contribution to the normal mass density is relatively small near the transition temperature. This result is in reasonable agreement with numerical evaluation of ρ
n /ρ by Andrenacci et al. [7] for T /T c ≤ 0.5.
B. Second sound
Second sound is, to a first approximation, an excitation of the temperature at fixed particle chemical potential. In Appendix A, we review the derivation of the velocity and damping of second sound. As seen there the hydrodynamic dispersion relation of second sound, neglecting the coupling of temperature and chemical potential fluctuations, is
with the second sound velocity, s 2 , given by
and the damping rate, Γ, by
Here K is the thermal conductivity, C = T ∂S/∂T the heat capacity per unit volume, η the shear viscosity and ζ 2 the bulk viscosity of the normal fluid. The quantity ζ 3 is a bulk viscosity associated with the motion of the superfluid, and ζ 1 a bulk viscosity associated with motion of both fluids. For a Fermi superfluid the bulk viscosities have not been investigated. However, Putterman has shown that the contribution of the bulk viscosities to the damping of second sound vanishes if the non-equilibrium state can be described in terms of a single macroscopic variable (in addition to those occuring in the hydrodynamic equations) that relaxes to a value dependent only on the hydrodynamic variables [21] . This argument suggests that damping by bulk viscosities is small, and we neglect it. The microscopic mechanisms for bulk viscosities in Fermi superfluids should be investigated in detail in the future. Near T c the contribution to the damping from shear viscosity is suppressed compared with that from thermal conduction by a factor ρ s /ρ n , and therefore to estimate the damping rate we consider only the contribution from thermal conduction:
where D T = K/C is the thermal diffusivity. This provides a lower bound on the damping. Generally, s 2 is small compared with s, tending to zero as T → T c ; thus naively one would expect a very large contribution from second sound to the normal mass density. However, the contribution is limited by the damping of second sound modes at finite wavevectors. The thermal diffusivity is of order v F ℓ, where ℓ is the mean free path. Thus from Eq. (20) , the imaginary part of the second sound dispersion equals the real part at wavevector
Including viscous damping would only decrease k max . Such damping implies that second sound is a welldefined collective mode only for k < k max , and therefore in the integral for the contribution of second sound to ρ n one should exclude modes with larger wave numbers. We thus estimate,
In addition, the frequency of second sound at k max is small compared with the critical temperature; we have
and since p F ℓ ≫ 1 and s
2 , the right side is smaller than unity. Thus to a first approximation we expand the exponential in the distribution function in Eq. (25) for temperature near T c , and find
In a unitary Fermi gas at T c the mean free path is of order the particle spacing, but as the temperature is lowered, the mean free path becomes longer due to increased Pauli blocking and the reduction of the number of thermal excitations from which to scatter. Estimates for the viscous mean free path suggest that the minimum value of ℓ is about 3/k F [22] . Since T c /mv 2 F = T c /2T F ≈ 0.08 and s 2 /v F is typically around 0.1 or less, Eq. (27) shows that second sound makes a negligible contribution to the normal mass density near T c .
IV. CONCLUSION
We have given here a framework for determining the normal mass density of a paired Fermi superfluid near the transition temperature. To a first approximation, the data are described in terms of BCS-like excitations of the paired superfluid and, as we have shown. the experiments are a sensitive probe of the pairing gap,. However, to go beyond the present simple calculation, considerably more physics needs to be included. The list includes an improved understanding of the quasiparticle structure beyond Eq. (4), together with quasiparticle damping effects. One also needs to include Fermi liquid effects; for example, when Fermi liquid effects are included within the BCS approximation the slope of ρ n near T c is reduced by a factor m/m * = 1/(1 + F s 1 /3) [23] . Further experimental studies of second sound, and its damping in particular, would provide valuable information about the transport properties of the system. These need to be of high precision because of the difficulties associated with deducing bulk properties of a homogeneous system from data on atoms in traps, where matter is inhomogeneous. In measurements for trapped atoms it is difficult to determine T c because just below T c matter is superfluid in only a small volume at the center of the trap.
It is also necessary to understand better the interplay between single quasiparticle and collective effects, such as those that lead to first and second sound. One such effect is the coupling between first and second sound due to the nonzero thermal expansion of the system, an effect not taken into account above, but which has been found to be significant in elongated traps [20] . The detailed microscopic mechanisms that give rise to the bulk viscosities should be investigated; among processes that play a role here is the one that has been studied extensively in nonequilibrium superconductors, where the condensate and the BCS-like excitations may to a first approximation be regarded as having different chemical potentials [24] .
